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Abstract. Let = (V, E\) and = (V, Ei) be the trees on n vertices with 
CN . V = {vq,vi,... ,Un-i}, E\ = {vqvi,... ,v v n -3,v n -4V n -2,v n -3V n -i}, and E 2 = 

{vovx,... ,vov n -3,Vn-3Vn-2,v n -3 «n-i}- In the paper, for p > n > 5 we obtain 
explicit formulas for ex(p;T^) and ex(p;T%), where ex(p;L) denote the maximal num- 
ber of edges in a graph of order p not containing any graphs in L. Let r(G\,G2) be 
the Ramsey number of the two graphs G\ and Gi. In the paper we also obtain some 
explicit formulas for r(T m ,T^), where i £ {1,2} and T m is a tree on m vertices with 
A(T m ) < m - 3. 
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1. Introduction. 

In the paper, all graphs are simple graphs. For a graph G = (V(G),E(G)) let 
e(G) = \E(G) \ be the number of edges in G and let A(G) be the maximal degree of G. 
For a forbidden graph L, let ex(p; L) denote the maximal number of edges in a graph 
of order p not containing any copies of L. The corresponding Turan's problem is to 
evaluate ex(p; L). For a graph G of order p, if G does not contain any copies of L and 
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e(G) = ex(p; L), we say that G is an extremal graph. In the paper we also use Ex(p; L) 
to denote the set of extremal graphs of order p not containing L as a subgraph. 

Let N be the set of positive integers. Let p, n G N with p > n > 2. For a given 
tree T n on n vertices, it is difficult to determine the value of ex(p;T n ). The famous 
Erd6s-S6s conjecture asserts that ex(p;T n ) < ( n ~ 2 ) p . For the progress on the Erdos- 
Sos conjecture, see for example [Si, W]. Write p = k(n — 1) + r, where k G N and 
r e {0, 1, ... ,n — 2}. Let P n be the path on n vertices. In [FS] Faudree and Schelp 
showed that 

„. , (n — 1\ (r\ (n — 2)p — r(n — 1 — r) 
(1.1) «feP.) = *( 2 ) + („)=* 2 

Let Ki jU -i denote the unique tree on n vertices with A(Ki jn _i) = n — 1, and let de- 
note the unique tree on n vertices with A(T^) = n — 2. For n > 4 let T* = {V, E) be the 
tree on n vertices with V = {vq, vi, . . . , v n -\} and E = {vqv i, . . . , vov n -3, v n sv n -2, 
^71-2^-1}- In [SW] we determine ex(p; Ki jU -i), ex(p;T^) and ex(p;T*). For z = 1,2 
let = (V, Ei) be the tree on n vertices with 

V = {vo,Vi, . . . , V n -l}, 

i?l = {ti f 1, • • • , ^-4^-2,^-3^-1}, 
E 2 = {v V U . . . , V Vn-3,^n-3^n-2,V n _ 3 fn-l}- 

In the paper, for p > n > 8 we obtain explicit formulas for ex(p; T^) and ex(p; T 2 ), see 
Theorems 2.1 and 3.1. 

For a graph G, as usual G denotes the complement of G. Let G\ and G2 be two 
graphs. The Ramsey number r(Gi,G 2 ) is the smallest positive integer n such that, 
for every graph G with n vertices, either G contains a copy of G\ or else G contains a 
copy of (j?2- 

Let n G N with n > 6. If the Erdos-S6s conjecture is true, it is known that 
r(T n ,T n ) < 2n-2 (see [R]). Let m, n G N. In 1973 Burr and Roberts[BR] showed that 
for m, n > 3, 



m + n — 3 if 2 { mn, 
m + n — 2 if 2 I mn. 



(1.2) r(K 1 , m _ 1 ,K 1 , n _ 1 ) = | 

In 1995, Guo and Volkmann[GV] proved that for n > m > 4, 
(1-3) r(K 1 , TO _ 1 ,T^) = | 



m + n — 3 if 2 I m(n — 1), 
m + n -4 if 2 f m(n - 1). 



Recently the first author evaluated the Ramsey number r(T m , T*) for T m G {P m , -£Ti )m _i, 
T^jT^}. In particular, he proved that ([Su]) for n > m > 6, 



(1-4) r(K 1 , m _ 1 ,T n *) = | 



m + n — 3 if m — 1 | (n — 3), 

m + n — 4 if m — 1 f (n — 3), 
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Suppose m, n G N and i, j G {1,2}. In the paper, using the formula for ex(p; T£) and 
the method in [Su] we evaluate the Ramsey number r(T m , T^) for T m G {K\ m _i, T' ml T^, 
T^}. In particular, we have the following typical results: 

r(T^)=2n-6-(l-(-in/2, r(P n ,T^) = 2n-7 for n > 17, 

r(TlT^) = r(TlT*) = 2n-5 for n > 8, 

r(Ki tTn -i,T^) = m + n — 4 for n > m > 7 and 2 | mn, 

r(T^,T^) = m + to — 5 for m > 8, to > (m — 3) 2 + 3 and m — 1 \ (to — 4), 

m + n — 4 if m — 1 | (n — 4), 
r(T4, T^) = ^ m + n — 6 ifn = m+ l = l (mod 2), for to > m > 16. 

m + n — 5 otherwise 

In addition to the above notation, throughout the paper we also use the following 
notation: [x] — the greatest integer not exceeding x, d{y) — the degree of the vertex v 
in a graph, T(v) — the set of vertices adjacent to the vertex v, d(u,v) — the distance 
between the two vertices u and v in a graph, K n — the complete graph on to ver- 
tices, K mtn — the complete bipartite graph with m and to vertices in the bipartition, 
G[Vq] — the subgraph of G induced by vertices in the set Vq, G — Vq — the subgraph of 
G obtained by deleting vertices in Vq and all edges incident with them, e(VV') — the 
number of edges with one endpoint in V and another endpoint in V. 

2. Evaluation of ex(p;T^). 

Lemma 2.1 ([SW, Theorem 2.1]). Let p,n G N with p > n - 1 > 1. Then 
ex(p;K hn _ 1 ) = [^}. 

Lemma 2.2. Let p,n G N, p > n > 7 and G G Ex(p;T^). Suppose that G is 
connected. Then A(G) = n - 4 and e(G) = [^^}. 

Proof. Since a graph does not contain Ki tJl s implies that the graph does not 
contain T^, by Lemma 2.1 we have 



(2.1) e(G) = ex(p; T*) > ex(p; K hn _ 3 ) 



(to — 4)p 



If A(G) < to — 5, using Euler's theorem we see that e(G) = \ ^2 v€V (G) d( v ) < 2 5 ^ p • 
This together with (2.1) yields (n ~ 4 2 )p ~ 1 < [in^E] < e(G) < ^)£. This is impossi- 
ble. Hence A(G) > n - 4. Now we show that A(G) = n - 4. 

Suppose q > n and q = k(n— l)+r with k G N and r G {0, 1, . . . , to— 2}. Then clearly 
kK n -i U K r does not contain any copies of T^ and so ex(q;T^) > e(kK n -i U K r ) = 

k (--^n-2) + rjr-l) = (n-2) g -r(n-l-r) > (n-2) g -(^ ^ ^ _ g)g > (n _ > 

(^) 2 - 2 we see that 

(2.2) ex(q; T*) > e(kK n _ x U K r ) > K - \ 2 > 2g - 1. 



Suppose v G V(G),d(vo) = A(G) = m and T(v ) = {i>i, . . . , v m }. If m = p — 1, as 
G does not contain as a subgraph, we see that G[v\, . . . , i> m ] does not contain 2K2 
as a subgraph and hence e(G[vi, . . . , u m ]) < m — 1. Therefore 

(2.3) e(G) = d(u ) + e(G[vi, . . . , v m ]) < m + m - 1 = 2p - 3. 

By (2.2), for m = p — 1 we have e(G) = ex(p;T^) > 2p — 1. This is a contradiction. 
Hence m < p — 1. Suppose that ui, . . . , wt are all vertices in G such that d(tti, i>o) = 
• • • = d(ut, vq) = 2. Then t > 1. Assume itivi G E(G) with no loss of generality. 

Suppose m > n— 2. As G does not contain any copies of T*, we see that {i^, • • • , v m } 
is an independent set, UiVj £ E(G) for any i G {2, 3, . . . , t} and j G {2,3, ... , m}, and 
UiVi G E(G) for any i = 1,2, ... Set Vi = {f , ^2, ^3, • • • ,^m}- Then e(G[Vi]) = 
m — 1. If tii is adjacent to at least two vertices in {t> 2 , ^3, • • • , v m }, then ^i^- ^ -E'(G) 
for any j = 2, 3, . . . , m. If i>i is adjacent to at least two vertices in {v2, t>3, . . . , f m }, 
then u\Vj E(G) for any j = 2, 3, . . . , m. Hence there are at most m — 1 edges with 
one endpoint in Vi and another endpoint in G — V\ . Therefore, 

(2.4) e(G) < e(G[Vi]) + m - 1 + e(G - Vi) < 2m - 2 + e(G - Vi). 

FormG{n-2,n - 1} let Gi = K m . Then clearly e(Gi) = m( ^~ 1} > 2m - 1. For 
m = - 1) + r > n with fe G N and < r < n - 2 let Gi = kK n -i U K r . Then 
Gi does not contain any copies of and e(Gi) > 2m — 1 by (2.2). Thus, by (2.4) 
we have e(G) < 2m - 1 + e(G - Vi) < e(Gi U (G - Vi)). This contradicts the fact 
GEEx(p;Ti). 

Suppose m = n— 3 and d(t> 1) = n— 3. We claim that V(G) = {uo, f 1, • • • , v m , u\, . . . , 
ttt}. Otherwise, there exists Uj G V(G)(1 < j < t) and w G V(G) such that UjW G 
-E'(G) and <i(vo,w) = 3. As d(vi) = n — 3, we see that the induced subgraph of 
{vo,vi, . . . ,v n -3,iij,w} contains a copy of T^. This contradicts the assumption G G 
Ex(p; T*). Hence the claim is true and so | V(G)| = p = n — 2 + t. For i = 1, 2, . . . , t 
and j = 2, 3, . . . , n — 3 we have u^j £ E(G) and so t + 1 < d(vi) = n — 3. Therefore 
2 < t < n — 4 and hence 



e(G) = e(G[u , u 2 , v 3 , . . . , v n _ 3 ]) + d(vi) + e(G[ui, ... ,u t ]) 
Clearly K n _i U ift_i does not contain and 

^-.^-) = ("- 1 ) + (*- 1 ) = ( B - 2 ) + g) + »-i-«>«( G ). 

This contradicts the assumption G G i?x(?i — 2 + t, T^). Hence for m = n — 3 we have 
d(vi) < n - 4. 
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2 

n 2 - 3n - 4 



Now suppose m = n—3 and d(v\) < n—A. lit = 1, on setting V 2 = {vq, vi, . . . , i> n -3, ui} 
we see that 

e(G) = e(G[v , v 2 , v 3 , . . . , u n -3]) + + d{u\) - 1 + e(G - V2) 

< ( U ~ 3 ) + n - A + n - A + e(G - V 2 ) 

+ e(G-V 2 )<e(K n _ 1 U(G-V 2 )). 

z 

This contradicts the assumption G G Ex(p,T^). Hence t > 2. For z = 1,2, ... ,t 
and j = 2, 3, . . . , n — 3 we have UiVj £ E(G) and u\v\, . . . , u t v\ G E(G). Let V3 = 
{tj , fi, • • • ,v n - 3 }. Then 

e(G) = d(vi) + e(G[v , v 2 , v 3 ,... , v n - 3 }) + e(G - V 3 ) 

/n — 3\ _ _ \ n 2 — 5n + 4 

< n - 4 + + e(G - V 3 ) = + e(G - V 3 ) 



2 

<e(K n _ 2 U(G-V 3 )). 

Since G is an extremal graph, this is a contradiction. 

Summarizing all the above we obtain A(G) = n — 4 and so e(G) = X^uev(G) d( v ) < 
(w-4)p ^ rp^g together w ith (2.1) yields e(G) = [ 2 which completes the proof. 

Lemma 2.3. Let n, ni, n 2 G N with n\ < n — 1 and n 2 < n — 1. 

(i) // m + n 2 < n, ^en f*) + ( n 2 2 ) < ( ni + n2 ) . 

(ii) J/m + n 2 > n, then (^) + < (V) + ^ 1+ n 2 -n+iy 

Proof. Since 

ni \ _|_ ( n2 \ _ ( ni + n 2)( n i +n 2 — l) — 2mn 2 ^ fn 1 + n 2 



2 / V 2 

we see that (i) holds. 

Now suppose n\ + n 2 > n and n\ + n 2 = n — 1 + r. Then 1 < r < min{ni,n 2 }. It 
is evident that 

V) + (3-ft)-(? 

(77 - l)(n - 2) + r(r - 1) (m + n 2 )(ni + n 2 - 1) - 2mn 2 



2 2 
(n — l)(n — 2) + r(r — 1) — (77 — 1 + r)(n — 2 + r) 



2 

= n\n 2 — (n — l)r = 77477-2 — (77 — 1)(t7i + 772 — (77 — 1)) 

= (?7 — 1 — ?7i)(?7 — 1 — 772) > 0. 

Thus (ii) is true and the lemma is proved. 
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Lemma 2.4. Suppose that G is a connected graph of order p. If p > 6 and G does 
not contain any copies o/Tg, then e(G) < 2p — 3. 

Proof. Suppose vq G V(G), d(vo) = A(G) = m and V{vq) = {v\,... ,v m }. If 
A(G) = m < 3, using Euler's theorem we see that e(G) <^<2p-3. From now on 
we assume A(G) = m > 4. If < 2 for all u G V(G) — {i>o}, then 



So the result is true. Now we assume d(v) > 3 for some v G V(G) — {vq}. We may 
choose a vertex u$ G V(G) so that u$ ^ vo, d(uo) > 3 and d(uo,vo) is as small as 
possible. 

We first assume d(uo,vo) = 1 and uq = v\ with no loss of generality. Suppose 
r(vi) C {vq,vi,... ,v m }. Since d(vi) > 3 we see that V(G) = {vq, . . . ,v m }. As 
p > 6 we have m > 5. Since G does not contain any copies of Tg 1 , we see that 
G[vi, . . . ,v m ] does not contain any copies of IK2 and so e(G) < d(-i>o) + m — 1 = 
2m — 1 < 2(m + 1) — 3 = 2p — 3. Now assume T(vi) — {vo, v±, . . . , v m } = {wi, . . . , w t }- 
Then clearly V(G) = {v , i>i, . . . , u m , wi,... , For t > 2, we have i^tUj ^ E(G) for 
any i G {2,3,... , m} and j G {1,2,... , £}. Thus 

e(G) < d(v ) + - 1 + 1 < 2m < 2(m + 1 + 1) - 3 = 2p - 3. 

Now assume £ = 1. Then vi^j G -E'(G') for some i G {2,3,... , m} since d{v\) > 3. 
If Vi is the only adjacent vertex of v\ in the set {V2, ■ ■ ■ , v m }, then VjWi ^ E(G) for 
j G {2, 3, ... ,m} - {i}. Hence e(G) < m + 3 < 2(m + 2) - 3 = 2p - 3. If there 
are at least two vertices in {i>i,... ,i> m } adjacent to vi, then ^tui ^ E(G) for any 
i = 2, 3, . . . , m. Hence e(G) < d(u ) + - 1 < 2m - 1 < 2(m + 2) - 3 = 2p - 3. 

Next we assume d(-uo 5 ^o) = 2. If r(ito) C {v\, . . . , i> m }, then V A (G) = {^o, • • • , v m , uq}, 
{vi, . . . , v m } is an independent set and so e(G) < m + m < 2(m + 2) — 3 = 2p — 3. 
If r(u ) - {u 2 , • • • , «m} = {vi, w 1 , . . . , w t }, we see that V(G) = {v Q , v u . . . , v m , u , 
w\, . . . ,wt}, and G is a tree or a tree obtained by adding an edge to a tree. Hence 
e(G) <p<2p-3. 

Finally we assume d(uo, vq) > 3. Suppose vqv \_u\U2 ■ ■ ■ u^uq is the shortest path in G 
between vq and u$, and V{uq) = {wi, . . . , w t , Uk}- Since G is connected and G does not 
contain any copies of Tg 1 , it is easily seen that V(G) = {vq, vi, . . . , v m , u\, . . . , Uk, uq, 
w\, . . . , wt}, d{v2) = ■ ■ ■ = d(v m ) = 1 and w\, . . . ,wt induce at most one edge. Clearly 
G is a tree or a graph obtained by adding an edge to a tree. Hence e(G) < p < 2p — 3. 

Summarizing all the above we prove the lemma. 

Theorem 2.1. Suppose p, n G N, p > n — 1 > 4 and p = k(n — l)+r, where k G N 
and r G {0, 1, . . . , n — 2}. TTien 




ea;(p; T n ) = max 




{[ 

2 




] — (n — 1 + r) if n > 16 and 3 < r < n — 6 or j/ 
13 < n < 15 and 4 < r < n - 7, 

^ n 1 r ' > otherwise. 
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Proof. Clearly ex(n — 1;T^) = e(K n -i) = ( n ~ 2 K n ~ 1 ) _ Thus the result is true for 
p = n — 1. From now on we assume p > n. Since T 1 = P 5 , by (1.1) we obtain the result 
in the case n = 5. Now we assume n > 6. Suppose G G Ex(p; T^) and Gi, . . . , Gt 
are all components of G with |y(Gj)| = pi and pi < p 2 < ••• < Pt- Then clearly 
G, G Ex(p t ;T^) fori = 1,2,... 

We first consider the case n = 6. If Pi < 5, then clearly G^ = _K" Pi and e(Gj) = (^). 
If ^ > 6 and pi = 5ki + Ti with ki G N and < r« < 4, by Lemma 2.4 we have 

e(Gi) <2 Pl -3< 2p t - n(5 ~ n) = e(k t K 5 U JT r .). 

Since kiK 5 U K ri does not contain any copies of Tg 1 and G; G Ex(pi, Tg 1 ), we see that 
e(Gj) > e(kiK 5 U if r J and so e(Gi) = e(kiK 5 U K r .). Therefore, there is a graph 
G' G Ex(p; Tg 1 ) such that G' = ai-ftTi U (I2K2 U 03^3 U a^-fQ U 05^5, where ai, . . . , as 
are nonnegative integers. Clearly, 



e(ciiKi U a 2 _KT 2 U (23.^3 U a^K^) 

2a 2 + 3a 3 + 6a 4 < 2(ai + 2a 2 + 3a 3 + 4a 4 ) - - = (k - a 5 ) \A + y 



Thus, 



ex(p; Tg 1 ) = e(G') = e(aiKi U a 2 K 2 U a 3 K 3 U a 4 K 4 ) + e(a 5 K 5 ) < k 



Since kK 5 U if r does not contain any copies of Tg 1 , we also have ex(p; Tg 1 ) > e(kK 5 U 
K r ) = k(l) + (2). Thus ex(p;T£) = e(kK 5 U K r ) = fcg) + g) = 2p - This 
proves the result in the case n = 6. 

From now on we assume n > 7. If £ = 1, then G is connected. Thus, by Lemma 2.2 
we have 



(2.5) e(G) = 



(n — 4)p 



for t = 1. 



Now we assume t > 2. We claim that > n — 1 for i > 2. Otherwise, pi < p 2 < n — 1 
and Gi U G 2 = K Pl U _ftT P2 . If pi + p 2 < n, by Lemma 2.3(i) we have 

e(Gx U G 2 ) = e(K Pl U K P2 ) = + (^ 2 ) < ( Pl + P2 ) = e(K Pl+P2 ). 

Since K Pl _|_ P2 does not contain T^ and GiUG 2 G Tx(pi+p 2 ; T*) we get a contradiction. 
Hence pi + p 2 > n. Using Lemma 2.3(h) we see that 

e(G 1 UG 2 ) = e(K pi UK P2 )= (^) + ( P:i 



2) \2 

,'n-l\ fpi+p 2 -n + l\ 
<( 2 J + ( 2 ) = e(K n _i UK Pl+P2 _ n+ i). 
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Since p\ < P2 < n — 1, we have pi +P2 — n + 1 < n — 1. Hence K n _i U K pi+P2 _ n+ i does 
not contain T\. As G\ U G2 is an extremal graph without T^, this is a contradiction. 
Thus, the claim is true. 

Next we claim that pi < n — 1 for all i = 1, 2, . . . , t — 1. If p t > Pt-i > n, by Lemma 
2.2 we have 



e(G t _iUG t ) = e(G t _i)+e(G t ) = 



"(n - 4)p t _i" 


+ 


(n - 4)p t 


< 


2 


2 





(n-4)(p t _i + p t ) 



Let H e Exipt-! +p t -n+l;K lin _ 3 ). Then e(H) = [ (n ~ 4)(pt " 1 2 +Pt ~ n+1) ] by Lemma 
2.1. Clearly K n _i U does not contain any copies of and 



e(K n _ 1 UH) = e(K n _ 1 ) + e(H) = 
'(n-4)(pt_i + p^ 



n — 1 



+ 



(n - 4)(p t _i + p t - n + 1) 



+ n- 1 > e(G M UG t ). 



Since Gt_i UG t G Ex{p t -\ +pf,T^), we get a contradiction. Hence pi < P2 < • • • < 
Pt-i < n — 1. Combining this with the previous claim p t > ■ ■ ■ > p 2 > n — 1 we see 
that 

(2.6) pi < n — 1, P2 = • • • = Pt-i = n — 1 and Pt > n — 1. 
As G is an extremal graph, we must have 

(2.7) G\ = K Pl , G2 — K n -i, . . . , = K n -\. 

If = n - 1, then G t = K n _i and pi < Pt < n - 1. By (2.7) we have G = 
K Pl U (t - l)K n _i = fc^-i U K r . Thus, 

(2.8) e(G) = *("" + Q = (n-2) P -r(n-l-r) ^ ^ ~> 2 and pt — n — 1. 

Now we assume pi < n — 1 and pt > n. By Lemma 2.2, e(G t ) = [ ( n ~^ Pt ] . If 
Pi < n - 4, then clearly d = K Pl and so e(Gi) = e(K Pl ) = ( p 2 1 ). Let Hi e £?x(pi + 
Pt; Ki !n s). Then ifi does not contain as a subgraph. By Lemma 2.1, we have 



e(ffi) = 



(n-4)(pi +p t ) 



> 



(ra - 4)p t 



+ 



(ra - 4)pi 



> 



> 



(n - A)p t 
2 

(n - A)p t 



(n-4)(p!-l) 
2 

+ ^^=e( Gl U G t). 
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This contradicts the fact G\ U G t G Ex(pi + p t ; T*). Hence n — 3 < pi < n — 1. 
For p\ = n — 2 and pt > n, by Lemma 2.2 we have 



e{G 1 UG t ) = e(G 1 ) + e(G t ) = 



n-2 



+ 



(n - 4)p t 



< 



n — 1 



+ 



(n-4)(p t -l) 



Let G Ex(p t — 1; -£Ti jn _3). Then -ftT n _i U does not contain any copies of and 
e(K n _i U # 2 ) = ( n ~ x ) + [ (n ~ 4) j Pt ~ 1) ] > e(Gi U G t ) by Lemma 2.1. This contradicts 
the fact Gi U G t G £?x(pi + p t ;T^). 

For pi = n — 3 and p t = n, using Lemma 2.2 we see that 



e(Gi) + e(G t ) = e(Gi) + e(G t ) 



n — 3 



+ 



(n — 4)n 



< 



2n 2 - 9n + 12 /n - 1\ /n-2 



< 



+ 



= e{K n _ 1 UK n _ 2 ). 



This contradicts the fact GiU G t £ Ex(pi + p t ;T^). For pi = n — 3 and p t > n + 1, 
using Lemma 2.2 we see that 



e(G 1 UG t ) = e(G 1 ) + e(G t ) 



n — 3 
2 



+ 



(n - A)p t 



< 



n — 1 
2 



+ 



(n-4)(p t -2) 



Let H 3 G Ex(p t — 2; n _ 3 ). Then -ftT n _i U H 3 does not contain any copies of and 
e(K n _i U H 3 ) = { n ~ 1 ) + [ (n ~ 4 ^ pt ~ 2) ] > e(Gi U G t ) by Lemma 2.1. This contradicts 
the fact Gi U G t G Ex(pi + p t ; T^). 

By the above, for t > 2 and p t > n we have pi = P2 = • • • = Pt-i = n — 1. If 
p t > 2n — 2, setting #4 G Ex(pt — (n — 1); ifi jn _3) and then applying Lemmas 2.1 and 
2.2 we find 



e(G t ) 



(n - 4)pi 



< 



n — 1 



+ 



(n-4)(pt-(n-l)) 



This contradicts the fact G t G Ex{p t ; T^). Hence n < p t < 2n — 2 and so n — 1 f p. 
Note that p = fc(ro - 1) + r = (k - l)(n - 1) + n - 1 + r and n<n-l + r<2n-2. 
We see that t = k, p t = n — 1 + r and therefore 



e(G) =e({k- l)K n _i) + e(G f ) = (fc — 1) 



(2.9) 



n — 1 
2 



+ 



(ra - 4)(ra - 1 + r) 



(n - 2)p 



— (n — 1 + r) for t > 2 and pt > n. 



Since G G Ex(p;T^), by comparing (2.5), (2.8) and (2.9) we get 



e(G) = max 



(n - 4)p 



(n — 2)p — r(n — 1 — r) 



(n - 2)p 



— (n — 1 + r) 



Observe that p = k(n - 1) + r > n - 1 + r. We see that [&^] = [^^] - p < 
|- (n-2) P j _ ^ n _ _|_ anc | therefore 

(2.10) 

, m h f (n — 2)p — r(n — 1 — r) T(n — 2)»1 . „ .1 
ex(p; T*) = e(G) = max | ^ ^, ^ 2 - (n - 1 + r)| 

(n — 2)p — r(n — 1 — r) J [r(n — 3 — r) — 2(n — 1) 

== ~\~ max \ 0, 

2 I 

For 7 < n < 12 we have 

. (n-3) 2 , , (n-7) 2 -32 
r(n - 3 - r) - 2(n - 1) < - — ^p- - 2(n - 1) = - < 0. 

For r G {0, 1, 2, n — 5, n — 4, n — 3, n — 2} we see that r(n — 3 — r) — 2(n — 1) < 0. 
Suppose n > 13 and 3 < r < n — 6. For 13 < n < 15 and 4 < r < n — 7, we have 

,2 



n 2 -14n + 17 / n-3\ 2 
> ■ 4 — = 2n-26>0. 



x „/ ^ n 2 -14n + 17 / n-3\ 2 
r(n - 3 - r) - 2(n - 1) = (r - —J 

-(-^) 

For 13 < n < 15 and r G {3, n — 6}, we have 

r(n - 3 - r) - 2(n - 1) = 3(n - 6) - 2(ra - 1) = n - 16 < 

For n > 16 and 3 < r < n — 6, we have 

x n , ^ n 2 -14n + 17 / n-3\ 2 
r(n-3-r)-2(n-l) = (■ 



> 



2 

n 2 -Un + 17 / n-3\ 2 



/ 72 - 3 \ z 

-( 3 "— ) ="" 16£ 



Now combining the above with (2.10) we deduce the result. 



Corollary 2.1. Suppose p, neN,p>n>5 and n — l\p. Then ^ 2 2 ^ p — — g 1 '* < 
ex(p^ n )< ^- l \ 



2 

=»-!) 

2 

Proof. Suppose p = — 1) + r with fceN and r G {0, 1, . . . , n — 2}. Then r > 1. 

-1^2 _ ( n- 
2 > V 2 



Clearly > r(n - 1 - r) = (^±) 2 - (*f± - rf > (^±) 2 - - l) 2 = n - 2 



and n — 1 + r > Ii 2- 2 -. Thus, from Theorem 2.1 we deduce ex(p,T^) < ( n 2 )p^ ( n 2 ) 
and ex(p,T^) > ( n ~ 2 )p~^( n ~ 1 ~ r ) > 0-2)p-(n-i) /4 ^ rp^-g p roves ^ e coro u ar y. 



/ / — .i 

"2 — 2 

3. Evaluation of ex(p;T 2 ). 
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Lemma 3.1. Let p,n G N, p > n > 7 and G G Ex(p;T 2 ). Suppose that G is 
connected. Then A(G) < n — 3. Moreover, forp < 2n — 2 we have A(G) < n — 4. 

Proof. Since a graph does not contain Ki n _ 3 implies that the graph does not 
contain T 2 , by Lemma 2.1 we have 

(3.1) e(G) = ex(p; T 2 ) > ex(p; K hn _ 3 ) = 

Suppose that vq G V(G), d(vo) = A(G) = m and T{vq) = {vi,... ,v m }. If V(G) = 
{vq, vi, . . . , v m }, then m = p — 1 > n — 1. Since G does not contain T 2 , we see that 
G[v\, . . . ,v m ] does not contain Ki j2 and hence e(G[i>i, . . . ,v m ]) < ^. Therefore 

e(G) = d(y ) + e(G[v u v m ]) <m+-= ^ < [ V 2 Jy 

This contradicts (3.1). Thus p > m + 1. Suppose that u\, . . . ,u t are all vertices such 
that d(ui,vo) = ■■■ = d(ut,vo) = 2. Then t > 1. We may assume that vi, . . . ,v s 
are all vertices in T(vq) adjacent to some vertex in the set {u±, . . . ,ut) without loss 
of generality. Then 1 < s < m. Let V\ = {vq,v\,... ,v m },V{ = V(G) — V\ and 
let e(ViV{) be the number of edges with one endpoint in V± and another endpoint in 
V{. Since G does not contain T 2 , for m > n — 3 each Vi(l < i < s) has one and 
only one adjacent vertex in the set {u±, ... , ut}. Thus, for m > n — 3 we must have 
e(ViVi') =s>t. 

If m > n — 1, as G does not contain T 2 as a subgraph, we see that d(vi) < 2 for 
i = l,... ,m and so e(G[V"i]) < m + m f £ - Hence 

e(G) = e(G[Vi]) + e^V/) + e(G - V 1 ) 

< + 8 + e (G - Vi) < 2m + e(G - Vi). 
2 

Suppose m + 1 = k(n - 1) + r with fceN and < r < n - 2. Set Gi = kK n _ x U K r . 
Since m+1 > n, by (2.2) we have e{G x ) > 2(m+l)-l > 2m. Thus, e(GiU(G-Vi)) = 
e(Gi) + e(G — Vi) > 2m + e(G — Vi) > e(G). As Gi does not contain any copies of T 2 
and G is an extremal graph, this is a contradiction. Hence A(G) = m < n — 2. 

Suppose m = n— 2. As G does not contain T 2 as a subgraph, we see that {v\, . . . , u s } 
is an independent set and so e(G[V"i]) < n — 2 + ( n ~2~ S )- Since l<s<m = n — 2< 
2n - 8, we have s 2 - (2n - 7)s - (1 - (2n - 7)) = (s - l)(s - (2n - 8)) < 0. Thus, 

e(G) = e(G[Vi]) + e^V/) + e(G - VI) 

< ( n ~2~ S ) +^-2 + S + e(G-Vx) 

= (^-2)(n-l) + g 2 -(2n-7) g + _ 

<^- 2 ^- 1 ) + 1 -^- 7 ) + e(G-V 1 ) 
11 



This is impossible since G is an extremal graph. Therefore, A(G) = m < n — 3. 

By the above, A(G) < n — 3. We first assume A(G) = n — 3. We claim that 
d(vi) < n — 4 for i = 1, 2, . . . , s. If z G {1, 2, . . . , s} and d(i>i) = n — 3, let Uj be the 
unique adjacent vertex of Vi in {iti, ... , ut} and let V 2 = {vq, v\, . . . , v n s,Uj}. Then 
there is at most one adjacent vertex of Uj in G — V 2 . Hence e(G — V\) < 1 + e(G — V 2 ). 
Since each i> r (l < r < s) is adjacent to one and only one vertex in {u\, . . . , ut} and 
A(G[Vi]) < n - 3, we see that 



«eG[Vi] 



(n-2)(n-3) 



From the above we deduce that 
e(G) = e(G[Vi]) + e{V x V{) + e(G - Vi) = e(G[Vi]) + s + e(G - Vi) 

< e(G[Vi]) + s + 1 + e(G - V 2 ) < ^ - 2)( ^~ 3) ~ * +s + l + e(G-V 2 ) 

= (n-2) { n-3) + s + 2 +e{G _ V2) ^(n-2) { n-3) + n-l +e{G _ V2) 

< {U - ^ - 2) + e(G - V 2 ) = e{K n _ x U (G - V 2 )). 

Since K n -i U (G — V2) does not contain T% and G is an extremal graph, we get a 
contradiction. Hence the claim is true. 

Now we assume p < 2n — 2 and p = n — 1 + r. Then 1 < r < n — 1. By the above, 
A(G) < n - 3. Assume A(G) = n - 3. Then < n - 4 for % = 1, 2, . . . , s. Clearly 
\V(G - Vi)| = p - (n - 2) = r + 1 < n, A(G - Vi) < n - 3 and so e(G - Vi) < 
min{( r + 1 ), (r+1) 2 ( - 3) }. Since 



P (C\V}\ (vA< 8{n-h) + {n-2-8){n-2) _ (n-2)(n-3) 
e(G[ViJ) = -^"gnN < 7) 7) s > 



i=0 

we deduce that 



e(G) = e(G[Vx]) + e^V/) + e(G - Vi) 

(n-2)(n-3) . rr(r + l) (r+l)(ra-3) 

< s + s + mm< , - 

- 2 I 2 ' 2 

(n_2^n-3) + (,+1) tf r < n _g 

(n-2Kn-3) + (n-3)(n-l) tf r = n _ 2 

ra — 1\ /r 



< V 2 ) + \2j =< K *-l UK r)- 

As G is an extremal graph, this is impossible. Thus, A(G) < n — 4 for p < 2n — 2. 
Now the proof of the lemma is complete. 
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Lemma 3.2. Let p,n G N, p > n > 7 and G G Ex(p;T%). Suppose that G is 
connected. Then p < 2n — 2. 

Proof. By Lemma 3.1, we have A(G) < n - 3 and so e(G) < (n ~ 3)p . Assume 
p = k(n — 1) + r with fc, r G N and < r < n — 1. Let Gi G i?a:(n — 1 + r; i^i )n _ 3 ). 

Then we have e(Gi) = [ (n ~ 4)( ^~ 1+r) ] by Lemma 2.1. Hence, if (fc - 2)(ra - 1) - r > 2, 
then 



e((fc-l)ir n _iUGi) = (k-l) 



n — 1 



+ 



(n — 4)(n — 1 + r) 



(p - r - (n - l))(n - 2) r (n - 4)(ra - 1 + r) 



+ 



(n-3)p p-2r-2(n-l)i 

2 + 2 \ 

(n — 3)p (k — 2)(n — 1) — ri r(n — 3)p 



+ 



]>[ J 



> e(G). 



This is impossible since (k — l)K n _i U G\ does not contain T 2 as a subgraph and 
G G Ex(p;T%). Thus (Jfe - 2)(n - 1) - r < 1. If k = 3 and r = n - 2, then p = 
3(n — 1) + n — 2 = An — 5 and so 



e(G)< 



(to - 3)p] < (to-3)(4to-5) _ 4to 2 - 17ro + 15 4n 2 - 14n + 12 



(n-2)(4n-6) 



= 3 



n — 1 
2 



+ 



re-2 
2 



= e(3K n _i UK n _ 2 ). 



Since 3_ftT n _i U -£T n _2 does not contain T 2 and G G Ex(p;T%), we get a contradiction. 
Thus, from the above we deduce k < 2. 
For p = 2(n — 1) + n — 2 we have 



e(2K n _! U K n _ 2 ) = 2 



n — 1 



+ 



n 2 2 )>^^(G). 



This contradicts the assumption G G Ex(p; T 2 ). Now we assume p = 2(n — 1) + r with 



< r < n - 3. If A(G) = n - 4, then e(G) < 



(n— 4)p 



From previous argument we have 



e(X n _i UGi) 



n — 1 
2 

(n - 4)p 



+ 



(n — 4)(n — 1 + r) ] r(n — 3)p — r" 



+ n-l> ( -^^>e(G). 



Since -ftT n -i U G\ does not contain T 2 as a subgraph and G G Ex(p;T%), we get a 
contradiction. Hence A(G) = n — 3. Suppose G V(G), <i(i>o) = n — 3, r(v ) = 
{vi, . . . , i> n -3}, Vi = {vo, vi, . . . , v n s} and V 7 / = V(G) — V\. Suppose that there are 
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exactly s vertices in T(vo) adjacent to some vertex in V{. Then 1 < s < n — 3 and 
e(G[Vi]) = \ YTiZo d G[Vl] {vi) < (n ~ 2)( ^~ 3) ~ s . Let e(ViV{) be the number of edges 
with one endpoint in V\ and another endpoint in V{. As G does not contain any copies 
of T%, we see that e(ViV{) = s. Since \V{\ = p — (n — 2) = n + r < 2n — 2, using 
Lemma 3.1 we have A(G - < n - 4. Thus e(G - V x ) < (n ~ 4) 2 (n+r) and so 

e(G) = e(G[Vi]) + e^V/) + e(G - V 1 ) 

(n-2)(n-3)-s . (n-4)(n + r) 
- 2 +S+ 2 

(ra - 2) (n - 3) + n - 3 (n - 4) (n + r) 
~ 2 + 2 

n-l\ (n - 1 + r)(n - 4) 3 



2 J 2 2 

n - 1 + r)(n - 4) 



= e(K n _i UGi). 



This is impossible since G is an extremal graph. 

By the above we must have k < 1 and so p = fc(n — 1) + r < 2n — 2 as asserted. 

Lemma 3.3. Let p,n E N, p > n > 7 and G E Ex(p;T%). Suppose that G is 
connected. Then A(G) = n - 4 and e(G) = 

Proof. By (3.1) we have e(G) > [^^}. If A(G) < n — 5, using Euler's theorem 
we see that e(G) = lE ve v(G) d ( v ) < {j ^T E - Hence {n ~ 4 f~ 1 < [ {j ^ }e } < e{G) < 
(n-5)p ^ j g impossible. Thus A(G) > n — 4. By Lemmas 3.1 and 3.2 we have 

A(G) < n - 4. Therefore A(G) = n - 4 and so e(G) = \ E v ev(G) d ( v ) < 
Recall that e(G) > [ ( n ~ 4 ) p j. We then get e(G) = [ ( n ~ 4 ) p ] as asserted. 

> 6, p = 5/c + r, k E N and 1 
a graph of order p without T| . TTien e(G) < 2p — - 5 ' ' 



2 

jev{G) 

;SV(G) 

-2— j. v., 6-, o V w, - L 2^" ^ 

Lemma 3.4. Let p G N, p > 6, p = 5k + r, k G N and < r < 4. Suppose that G is 

5- 
2 

Proof. We prove the lemma by induction on p. For p < 5 we have e(G) < p( ~ p ~ 1 ' > = 
2p— r ( 5 ~ r ) . Now suppose that p > 6 and the lemma is true for all graphs of order po < P 
without T|. If A(G) < 3, then e(G) = \ E„ 6 y(G) <¥<2p-3<2p- T^zA. 

Now suppose A(G) = to > 4, i> £ V(G), d(v ) = m and T(v ) = {v\, . . . , v m }. If 
m = p — 1, then m > 5, V(G) = {vo, v\, . . . , u m } and d{vi) < 2 for i = 1, 2, . . . , m. 
Thus, e(G) <m+f = < 2p - 3 < 2p - li^ll . Now suppose 4 < to < p - 1, 

Mi G V(G) and r(ui) = . . . , w t }. Then v±Vi £ E(G) for i = 2, 3, . . . , to. Let 

^i = {"^07 u i) • • • 7 v}i y{ = ^(G) — ^i an d e(ViV{) be the number of edges with one 
endpoint in V\ and another endpoint in V{. For to = 4 we see that e(G[Vi]) + e(ViV{) < 
7 + 1 = 4 + 4 = 8. For m > 5 we see that dc(vi) < 2 for z = 1, 2, . . . , to and so 
e(G[Vi]) + e(yiV 1 / ) < E^Li ^g(^) < 2m. Hence, for to > 4, 



e(G) = e(G[Vi]) + e(y 1 F 1 / ) + e(G[y/]) < 2to + e(G[V(]). 
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By the inductive hypothesis, e(G[V{]) < 2(p-m-l) - ri(5 2 ri) , where n G {0,1,2,3,4} 
is given by p — m — 1 = ri (mod 5). Thus, 

e(G)<2m + 2(p-m-l)- ri(5 - ri) =2 P -2- ri(5 - ri) . 

For n > 1 we have e(G) < 2p - 2 - 2 < 2p - li^ll. For n = and r = 1,4 
we have e(G) < 2p — 2 = 2p — r ( 5 ~ r ) . Therefore, we only need to consider the case 
p = m + l = 2,3 (mod 5). 

Now assume p = m + l = 2,3 (mod 5). Then m > 6. Set Vi = {vq, vi, . . . , v m , u\} 
and V 2 = V(G) — V^. Since dc(vi) < 2 for i = 1, 2, . . . , m, we see that 

m 

e(G) = e(G[V 2 ]) + e(U 2 U 2 ') + e(G[V 2 ']) < ]T d G ( Vi ) + 1 + e(G[V^}) < 2m + t + e(G[V£). 

i=i 

Note that p - m - 2 = 4 (mod 5) and e(G[V^}) < 2(p - m - 2) - 4(5 ~ 4) . We then have 
e(G) < 2m + t + 2{p - m - 2) - 2 = 2p + t - 6. For t < 3 we get e(G) <2p + t-6< 
2p-3 = 2p- r -^. 

Now suppose t > 4. Set V3 = {-i^ ^ 1, • • • , Vi wi, it?i, . . . , w t } and V3 = V(G) — V3. 
Since dc(vi) < 2 for z = 1, 2, . . . , m and dc(wj) < 2 for j = 1,2,... , t, using the 
inductive hypothesis we see that 

m t 

e(G) = e(G[V,]) + e(V,Vi) + e(G[Vi\) < £ d G { Vi ) + £ d^) + e(G[^']) 

i=i i=i 

< 2m + 2* + e(G[tf,']) = 2(m + 2 + t) - 4 + e(G[V^\) 

< 2(m + 2 + t)-4 + 2(p-m-2-t) = 2p-4<2p- r $ ~ r \ 

By the above, the lemma is proved by induction. 

Theorem 3.1. Let p, n G N, p > n — 1 > 4, p = k(n — 1) + r, where k G N and 
r G {0, 1, . . . , n — 2}. T/jera 

"(n — 2) pi . (n — 2)p — r(n — 1 — r) "1 



ex(p;T^) =max|[ ln - jP ] -(n-l + r), 



_ ^ _ ^ _|_ ^ i/n > 16 and 3 < r < n — 6 or j/ 
13 < n < 15 andA<r <n-7, 

(n — 2)p—r(n—l — r) ,? 

y 2 otherwise. 

Proof. Clearly ex(n — 1;T%) = e(K n _i) = ( n ~ 2 K n ~ 1 ) _ Thus the result is true for 
p = n — 1. Now we assume p > n. Since T| = T5, taking n = 5 in [SW, Theorem 3.1] 
we obtain the result in the case n = 5. For p = 5k + r with G N and < r < 4 we 
see that 

ex(p; Ti) > e(kK 5 U K r ) = lOfc + ^ ~ ^ = 2p - 

This together with Lemma 3.4 gives the result in the case n = 6. Using Lemmas 3.3, 
2.3 and replacing with T% in the proof of Theorem 2.1 we deduce the result for 
n > 7. 
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Corollary 3.1. Suppose p, n G N, p > n > 5 andn-\\p. Then - < 

ex(p,T n 2 )< fezgjfszll . 

4. The Ramsey number r(T*,T n ). 

Lemma 4.1 ([Su, Lemma 2.1]). Let Gi and G 2 &e two graphs. Suppose p G N, p > 
max{|y(Gi)|, |V(G 2 )|} and ex(p;Gi) + ex(p;G 2 ) < g). Thenr{G u G 2 ) <p. 

Proof. Let G be a graph of order p. If e(G) < ex(p; G\) and e(G) < ex(p; G 2 ), then 
ex(p; d) + ex(p; G 2 ) > e(G) + e(G) = ^ 

This contradicts the assumption. Hence, either e(G) > ex(p;Gi) or e(G) > ex(p;G 2 ). 
Therefore, G contains a copy of G\ or G contains a copy of G 2 . This shows that 
r(Gi, G 2 ) < |V"(G)| = p. So the lemma is proved. 

Lemma 4.2 ([Su, Lemma 2.3]). Let G\ and G 2 be two graphs with A(Gi) = di > 2 
and A(G 2 ) = d 2 > 2. T/ien 

(i) r(Gi, G 2 ) > d 1 + d 2 - (1 - (-l)(«*i-i)(*.-i))/2. 

(ii) Suppose that G\ is a connected graph of order m and d± < d 2 < m. Then 
r{G u G 2 ) >2d 2 -l >di + d 2 . 

(iii) i/Gi zs a connected graph of order m, d\ 7^ m— 1 and d 2 > m, thenr(Gi,G 2 ) > 
di + d 2 . 

Theorem 4.1. Let n G N and i, j G {1, 2}. 

(i) J/n is odd witt n > 17, then r{T l w T£) = 2n - 7. 

(ii) If n zs even with n > 12, then r(T^,T^) = 2n — 6. 

Proof. Suppose n > 12. Since A(T^) = A(T}j) = n — 3, from Lemma 4.2 we know 
that r(T^, T^) > 2n — 7 for odd n, and r(T^, T^) > 2n — 6 for even n. If n is odd with 
n > 17, using Theorems 2.1 and 3.1 (with k = 1 and r = n — 6) we see that 



2n 2 -15n + 28" 



2n 2 - 15n + 28 1 (2n - 7 

< 2 = : 

and so ex(2n — 7; T^) + ex(2n — 7;T^) < ( 2n ~ ). Thus, by Lemma 4.1 we have 
r(T^, Tjj) < 2n — 7 and hence (i) is true. If n is even, using Theorems 2.1 and 3.1 (with 
k = 1 and r = n — 5) we see that 

(n-2)(2n-6) - 4(n - 5) 2 „ 
ex(2n - 6; T l n ) = ± ^ ^ ^ = n 2 - 7n + 16 

2 13 21 l/2n-6 

<n ~Y n + Y = 2 

and so ex(2n - 6; T*) + ex(2n - 6;T^) < ( 2n ~ 6 ). Thus, by Lemma 4.1 we have 
r(T* , T*) < 2n - 6 and hence r(T* , Tjj) = 2n - 6. Thus (ii) is true and the theorem is 
proved. 
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Lemma 4.3. Let n G N, n > 7 and i G {1,2}. Let G n be a connected graph on n 
vertices such that ex(2n — 5; G n ) < n 2 — 5n + 4. Then r(T^, G n ) < 2n — 5. 

Proof. By Theorems 2.1 and 3.1 we have 

(n-2)(2n-5) - 3(n - 4) , „ 
ex(2n - 5; T l n ) = ± ^ ^ ^ = n 2 - 6n + 11. 

Thus, 

ex(2n - 5; G n ) + ex(2n - 5; T*) < n 2 - 5n + 4 + n 2 - 6n + 11 

'2n - 5 



2n^ - lln + 15 



2 



Appealing to Lemma 4.1 we obtain r(T^, G n ) < 2n — 5. 

Lemma 4.4 ([SW, Theorem 3.1]). Let p, n G N wit/i p > n > 5. Let r G 

{0, 1, . . . , n — 2} be given by p = r (mod n — 1) . TTien 

^ (n-2)(p-i)-r-i j % f n >7 and2<r<n-4, 



ex(p;T^ 



(n — 2)p—r(n—l—r) 



otherwise. 



Theorem 4.2. Let n G N, ra > 8 and i G {1, 2}. T/ien r{T l n ,T' n ) = r(T*,T*) = 2n-5. 

Proof. Let T n G {T^,T*). Since 2K n _ 3 does not contain any copies of and 
2K n _3 = K n s t n-3 does not contain any copies of T n , we see that r(T^,T n ) > 1 + 
2(n — 3) = 2n — 5. Taking p = 2n — 5 and r = n — 4 in Lemma 4.4 we find 

r ™m (n-2)(2n-6)-(n-4)-l 2 11 15 2 r 
ex(2n - 5; T n ) = ± ^ j- ^ = n 2 - — n + — < n 2 - 5n + 4. 

By [SW, Theorem 4.1], 

es(2n - 5; T*) ^ ~ 5) = 3( " = 4) = n 2 - 6n + 11 < n 2 - 5n + 4. 

Thus, applying Lemma 4.3 we obtain r(T^,T n ) < 2n — 5. Hence r(T^,T n ) = 2n — 5. 
This proves the theorem. 

Remark 4.1 Let n G N with n > A and z G {1, 2}. From [GV, Theorem 3.1(h)] we 
know that r(Ki jn -i, T£) = 2n — 3. 

Theorem 4.3. Let n G N and i G {1,2}. Then r(P n ,T^) = 2n - 7 for n > 17, 
r(P n - U Tl) = 2n - 7 for n > 13, r(P n _ 2 , T») = 2n - 7 /or n > 11 and r(P n ^T^ = 
2n - 7 for n > 8. 

Proof. Suppose n > 8 and s G {0, 1, 2, 3}. From Lemma 4.2(h) we have r(P n _ s , T£) > 
2{n - 3) - 1 = 2n - 7. By (1.1) we have 



ex(2n - 7;P n - s ) = < 



(n- 


-2)(2n 


-7)- 


-5(n 


-6) 


(n-4)(2n-7)+16-n 






2 






2 


(n- 


-3)(2n 


-7)- 


-3(n 


-5) 


(n-4)(2n-7)+8-ra 






2 






2 


(n- 


-4)(2n 


-7)- 


-(n- 


4) 




(n- 


-5)(2n 


2 

-7)- 


-(n- 


5) 


(n-4)(2n-7) + 12-3n 






2 
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if s = 1, 
if s = 2, 



By Theorems 2.1 and 3.1, we have 




(n-4)(2re-7) 



if n > 16, 



L 2 J 

(n-2)(2n-7)-5(n-6) _ (n— 4)(2n-7) + 16-n 
2 — 2 



if n < 16. 



If s = and n > 17, if s = 1 and n > 13, if s = 2 and n > 11, or if s = 3 and n > 8, 
from the above we find 



and so r(P n _ s ,T^) < 2n — 7 by Lemma 4.1. This completes the proof. 

5. The Ramsey number r(T^,T n ) for to < n. 
The following two propositions are known. 

Proposition 5.1 (Burr[B]). Let to , n G N with to > 3 and to — 1 | (n — 2). .Let T" m 
6e a tree on m vertices. Then r(T m , if i )TJ ,_i) = m + n — 2. 

Proposition 5.2 (Guo and Volkmann [GV, Theorem 3.1]). Let to, n G N, m > 3 

and n = /c(to — 1) + b with k G N and 6 G {0, 1, . . . , m — 2} — {2}. Let T m fee a tree 
on m vertices. Then r(T m , Ki jTl -i) < to + n — 3. Moreover, if k > to — h, then 
r(T m , if = to + n - 3. 

Lemma 5.1 ([H, Theorem 8.3, pp. 11-12]). Let a,b,n G N. If a is coprime to 
b and n > (a — l)(b — 1), then there are two nonnegative integers x and y such that 
n = ax + by. 

Theorem 5.1. Let to, n G N, n > to > 5, to — 1 \ (n — 2) and i G {1,2}. Then 
r(T^, Ki :7l -i) = to + n — 3 or m + n — 4. Moreover, ifn> (to — 3) 2 + 1 orm + n-4 = 
(to — l)x + (to — 2)y /or some nonnegative integers x and y, then r(T m , Ki jTl -i) = 
to + n — 3 /or any tree T m of order to. 

Proof. Let T m be a tree on to vertices. From Proposition 5.2 we know that 
r(T m , Ki jH -i) < m+n— 3. By Lemma 4.2 we have r(T^, ifi ;n _i) > to— 3+n— 1. Thus, 
r(T^, ifi in _i) = TO+n— 3 or TO+n— 4. Ifn > (to— 3) 2 +l, then m+n— 4 > (to— 2) (to— 3) 
and so TO + n — 4 = (to — 1)x + (to — 2)y for some nonnegative integers x and n by 
Lemma 5.1. If m + n — 4 = (to — 1)x + (to — 2)y for x 7 y £ {0, 1,2,...}, setting 
G = xif m _i U yK m -2 we see that G does not contain any copies of T m and G does 
not contain any copies of K\^ n -\. Thus r(T m , if i )TJ ,_i) > l + |y(G)| = TO + n — 3. Now 
putting all the above together we prove the theorem. 

Theorem 5.2. Let to, n G N, to > 5, to- 1 | (n-3) and z G {1,2}. Then r{T^T' n ) = 
to + n — 3. 

Proof. By Theorems 2.1 and 3.1, 



ex(2n — 7; P, 



n—s 




ex(TO + n-3;T^) 




Thus applying [Su, Theorem 5.1] we obtain the result. 
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Theorem 5.3. Suppose i G {1, 2}, m, n G N, n > m > 5 and m — 1 { (n — 3). XTien 
m + n — 5 < r(T^,T^) < m + n — 4 and m + n — 6 < r(T^,T*) < m + n — 4. Moreover, 
ifn = k(m-l) + b = q(m-2) + a, k, q G N, a G {0, 1, . . . , m-3}, 6 G {0, 1, . . . , m-2} 
and one o/ £/ie conditions 

(1) 6 G {1,2,4}, 

(2) 6 = and fc > 3, 

(3) n>(m-3) 2 + 2, 

(4) n > m 2 - 1 -6(m-2), 

(5) a > 3 and n > (a - 4) (m - 1) + 4 

m + n — 4. 



ZioZefe, taen r(T l m ,T*) = r{T l m ,T' nt 

Proof. By Lemma 4.2 we have r(T l m ,T^) > m-3+n-2 and r(T^, T*) > m-3+n-3. 
Since m — 1 \ in — 3), we have m — 1 \ (m + n — 4). From Corollaries 2.1 and 3.1 
we have ex{m + n — 4; T^J < ( m ~ 2 )(^-+ n ~ 5 ) _ Hence, by [Su, Lemma 5.1] we have 
r(T*,,T£) < m + n - 4, by [Su, Lemma 4.1] we have r(T l m ,T*) < m + n - 4. Now 
applying [Su, Theorems 4.3 and 5.3] we deduce the remaining result. 

6. The Ramsey number r(G m , Tjj) for m < n. 

Theorem 6.1. Let m, n G N, m > 5, n > 8, n > m and j G {1,2}. Then 
r(Ki tJn -i,Tl) = m + n — 4 orm + n-5. Moreover, if 2 \ ran, then r{K\, m -\,T£) = 
m + n — 4. 

Proof. From Lemma 4.2 we have r(Ki, m _i,T^) > m-l+n-3-(l-(-l)( m - 2)(n - 4 ))/2 
= m+n-4-(l-(-l) mn )/2. Thus, it suffices to prove that r(-Ki jm _i, T^) < m + n-A. 
By Lemma 2.1, ex(m + n — 4; -Ki )m _i) = [ ( m ~ 2 )(^ 1 + n ~ 4 ) ] - gy Theorems 2.1 and 3.1, 



ex(m+n— 4;T^) = 
Since 



(n-4)(m + n-4)i (n-2)(m + n-4) - (m-3)(n-m + 2) 



or 



(m - 2) (m + n - 4) i r (n - 4) (m + n - 4) 



+ 



^ (m + n — 6)(m + n — 4) 



m + n — 4 
2 



and 



(m - 2)(m + n - 4) (n - 2)(m + n - 4) - (m - 3)(n - m + 2) 



(m + n — 4)(m + n — 5) — (m — 4)(n — m — -^zi) 



< 



m + n 
2 



we see that ex(m+n-4; K 1;m _i)+ex(m+n-4;Tl) < ( m +™~ 4 ) and so r(.ft:i j7 
m + n — 4 by Lemma 4.1. This completes the proof. 
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uTl)< 



Conjecture 6.1. Let m,n 6 N, m > 5, n > 8, n > m, 2 \ mn and j G {1,2}. Then 
r{K 1 , m _ u Ti l ) = m + n-A. 

Theorem 6.2. Let to, n G N, to > 4, n > 7, to - 1 | (n - 4) and j G {1,2}. 

(i) // G m is a connected graph of order to with ex(m + n — 4; G m ) < ( m ~ 2 )(^-+ n ~ 5 ) ^ 
t/ien r(G m , T£) = m + n — 4. 

(ii) VFe /iat> e r(T^, T^) = m + n — 4 /or m > 5, r(T^, T£) = m + n — 4 /or m > 6 ; 
r(T^, Tjj) = m + n — 4 /or z = 1, 2 and m > 5, and r(P m , T£) = m + n — 4. 

Proof. Set t = (n — 4)/(m — 1). Suppose that G m is a connected graph of order 
m with ex(m + n - 4; G m ) < (m ~ 2)( ^ +n ~ 5) . Then clearly A((t + l)K m _i) = to - 2 
and A((rj + l)K m _i) = t(m — 1) = n — 4. Thus, (t + l)K m _ 1 does not contain any 
copies of G m and (t + l)K m -i does not contain any copies of T^. Hence r(G m , T 1 ) > 
1 + (t + l)(m — 1) = to + n — 4. By Theorems 2.1 and 3.1, we have 



ex(m+n-4;T^) 



(n — 4)(to + n — 4) ] (n — 2)(m + n — 4) — (m — 3)(n — to + 2) 



If ex(m + 71 — 4; T^) = [ ("-4)(m+n- 4 ) ^ then 

ex(m + n — 4; G m ) + ex(m + n — 4; T£) 

(to — 2)(m + n — 5) + (n — 4)(to + n — 4) fm + n — 4 
" 2 < ^ 2 

If ex(m + 71 — 4; T^) = (n-2)(m+n-4)-(m-3)(n-m+2) ? then 

ex(m + n — 4; G m ) + ex(m + n — 4; T^) 

(to — 2)(to + n — 5) + (n — 2)(m + n — 4) — (to — 3)(n — m + 2) 
- 2 

to + n — 4\ (to — 4){n — to + 1) fm + n 



2 J 2 V 2 

Therefore, by Lemma 4.1 we always have r(G m , T£) < m+n—4 and hence r(G m , T£) = 
m + n — 4. This proves (i). 

Let us consider (ii). By (1.1), we have ex(m + n - 4; P m ) = (m ~ 2)( ^ +n ~ 5) . By 
Lemma 4.4 we have ex(m + n-4;T^) = (m ~ 2)( ^ +n ~ 5) for m > 5. By [SW, Theorem 
4.2], ex(m + n - 4; T£) = (m ~ 2)( ^ +n ~ 5) for to > 6. By Theorems 2.1 and 3.1, 
ex(m + n - 4-T l m ) = (m ~ 2)( ^ +n ~ 5) for i G {1,2} and m > 5. Thus from (i) and 
the above we deduce (ii). The proof is now complete. 

Lemma 6.1. Let j G {1,2}, to, n G N, to > 7 and to — 1 f (n — 4). Assume n = 
m + 1 > 12 or n > max {to + 2, 19 — to}. 

(i) // G m is a connected graph of order to with ex(m + n — 4; G m ) < ( m ~ 2 )(^-+ n ~ 5 ) ; 
t/ien r(G m , T£) < m + n — 5. 

20 



(ii) ForT m G {P m ,r m ,T^,T^,T^} we have r(T m ,T^) < to + n - 5. 
Proof. Since m + n — 5 = n — I + m — 4, by Theorems 2.1 and 3.1 we have 

(n — 4)(m + n — 5) " 



ex(m + n — 5; T^) = 



or 



2 

(n - 2)(to + n - 5) - (to - 4)(n - 1 - (to - 4)) 



If n = to + 1, then (m — 4)(n — 3 — (m — 4)) = 2(n — 5). If n > m + 2, then 
3 < to - 4 < n - 6 and so (m - 4){n - 3 - (m - 4)) = (^) 2 - (m - 4 - ^) 2 > 
(^) 2 - (n - 6 - ^) 2 = 3(n - 6). Thus, 

(n — 4)(to + n — 5) + m — 2 (n — 2){m + n — 5) — (m — 4)(n — 1 — (m — 4)) 

2 2 

_ (to - 4)(n - 3 - (to - 4)) - 2n + to 

" 2 

2(n _ 5) _ 2n+m = ^ > Q if n = m+ i>i2, 

3(n - 6 )- 2n+m = n _ 10 + m _ 8 > Q ifn > max { m + 2 5 19_ m }. 

Therefore, from the above we deduce that 

(6.1) ex(m + n-5;Tl)< (n- 4)(m + n- 5) +m -2 ^ 



> 



(m— 2) (m+n— 5) 



Hence, if G m is a connected graph of order to with ex(m + n — 4; G m ) < 
then 



ex{m + n — 5; G m ) + ex{m + n — 5; T^) 

(to — 2) (to + n — 6) (n — 4) (to + n — 5) + to — 2 (m + n — 
< 2 + 2 = V 2 

Now applying Lemma 4.1 we obtain (i). 

Now we consider (ii). Since to — 1 \ (m + n — 5), by Corollaries 2.1 and 3.1 we have 
ex(m + n-5;T^) < (™~ 2 )(™+"-6) for i G {1,2}. By (1.1), we have ex(TO + n-5; P m ) < 

( ! n-2)(m+n-6) j g y Lemma ^ ^ ^ ^ + n _ 5. ^ < (m-2)(m+n-6) g y 

Theorems 4.1-4.5] we have ex(m + n - 5; T£j < (m ~ 2)( ^ +n ~ 6) . Thus, from the above 
and (i) we deduce (ii). This proves the lemma. 

Theorem 6.3. Let to G N and j G {1, 2}. T/ien 

, , a { 2m — 4 if 2 I to and to > 9, 

r(T T J ) = < — 
m ' m+1 \ 2m — 5 z/2 | to and m > 16. 

7/n G N, to > 7 ; n > max{TO+2, 19-to} andm-1 \ (n-4), thenr{T' m ,T^ = m+n-5. 
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Proof. We first assume 2 \ to and to > 9. By Lemma 4.2, r(T4,T^ +1 ) > m — 2 + 
m-2 = 2m -4. By Lemma 4.4, ex(2m-4;T^) = (™-2)(2m-4)-2(m-3) =m 2_ 5m + 7 _ 
By Theorems 2.1 and 3.1, ex(2m - 4; = H-i)(2m-4)-4(m-4) = m 2 _ 5m + 1Q 

Thus, 

ex(2m - 4; T' m ) + ex(2m - 4; 2* +1 ) 

'2m 



= m 2 - 5m + 7 + m 2 - 5m + 10 = 2m 2 - 10m + 17 < 2m 2 - 9m + 10 = 



2 



Hence, by Lemma 4.1 we obtain r{T' m , T 3 m+1 ) < 2m - 4 and so r(T^, T^ +1 ) = 2m - 4. 

Now we assume 2 | m and m > 16. By Lemma 4.2, r(T^, T^ +1 ) > to— 2+m— 2 — 1 = 
2m - 5. By Lemma 4.4, ex(2m - 5; T^) = [ (m-2)(2m-6)-(m-3) ] = [ 2m 2 -iim+i5 | = 



m 



2 _iim + 7 _ By Theorems 2.1 and 3.1, ea;(2m-5; T^ +1 ) = [ (m ~ 1) ^ 2m ~ 5) ]-(2m-5) = 
^ 2m ^_n m+ i 5 j = m 2 _ to + 7 _ ThuS5 

Hence, by Lemma 4.1 we obtain r{T' m , T^ +1 ) < 2m — 5 and so r(T^, T^ +1 ) = 2m — 5. 

Suppose n G N, to > 7 and n > max {m + 2, 19 — m}. By Lemma 6.1 we have 
r(T^, Tjj) < m + n — 5. By Lemma 4.2 we have r(T^, T£) > m — 2 + n — 3. Thus, 
r(T4, T^) = m + n — 5. This completes the proof. 

Theorem 6.4. Let j G {1,2}, m, n G N, m > 7 and to — 1 f (n — 4). Suppose 
n = m + 1 > 12 or n > max {m + 2, 19 — to}, ^ssitme i/iat G m G {P m , T^, T^, T^} 
or G m is a connected graph of order m mt/i ex(m + n — 4; G m ) < ( m ~ 2 )(^-+ n ~ 5 ) _ jj 
n > (to — 3) 2 + 3 orra + n- 6 = (ra- l)x + (to — 2)y /or some nonnegative integers 
x and y, then r(G m , T£) = m + n — 5. 

Proof. If n > (m — 3) 2 + 3, then m + n — 6 > (m — 2) (to — 3) and so m + n — 
6 = (to — l)x + (m — 2)y for some x, y G {0, 1,2,...} by Lemma 5.1. Now suppose 
m + n — 6 = (m — l)x + (to — 2)y, where x, y G {0, 1,2,...}. Set G = rf m _i U w_ftT m _2. 
Then A(G) < to — 1 and A(G) < n — 4. Thus, G does not contain any copies of G m and 
G does not contain any copies of T % n . Hence r(G m , T£) > 1 + \V(G)\ = m+n — 5. On the 
other hand, by Lemma 6.1 we have r(G m , T£) < m+n — 5. Thus r(G m , Tfi) = m+n — 5. 
This proves the theorem. 

Corollary 6.1. Let m, n G N, m > 7, m — 1 | (n — b), b G {2, 3, 5} ; n > max {m + 

2, 19 — m} and j G {1,2}. Assume that G m G {P m , T^, T^, T^} or G m is a connected 
graph of order m with ex(m+n-4;G m ) < (m ~ 2)( ^ +n ~ 5) . Thenr(G m ,Tl) = m+n-5. 

Proof. Set k = (n — b) / (to — 1). Then k G N. For 6 = 2 we have k > 2. Since 

{(/c-2)(to-1) + 3(to-2) if 6 = 2, 
(Jfe- 1)(to- 1) + 2(to-2) if b = 3, 
(fc+l)(m-l) if 6 = 5, 

the result follows from Theorem 6.4. 
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Theorem 6.5. Let m e N, m > 12 andi.j E {1,2}. T/tera 

HTi n ,Ti n+1 )=r(T^Ti n+1 ) = 2m-5. 



Proof. Let T m e {T^,T^}. By Theorems 2.1, 3.1 and [SW, Theorem 4.1] we have 

(to-2)(2to-5) -3(m-4) 



ecc(2m — 5; T m ) 
ex(2m-5;T4 +1 ) = 



(m — l)(2m — 5) — 5(m — 5) r(m — 3) (2m — 5) 



or 



Since 



(m - 2)(2m - 5) - 3(m - 4) (m - 3) (2m - 5) 



(2m-5)(2m-6) + 7-m 



< 



2 

2m - 5 
2 



and 



(m - 2)(2m - 5) - 3(m - 4) (m - l)(2m - 5) - 5(m - 5) 



2m 2 - 12m + 26 < 2m 2 - 11m + 15 



2 

2m — 5 
2 



we see that ex(2m — 5; T m ) + ex(2m — 5; Z^ +1 ) < ( 2 ™ d ) . Hence, from Lemma 4.1 we 
deduce r(T m ,T^ +1 ) < 2m — 5. Since A(T m ) = m — 3 and A(T^ +1 ) = m — 2, by Lemma 
4.2 we have r(T m , T 3 m+1 ) >m-3 + m- 2 = 2m-5. Hence r(T m , T^ +1 ) = 2m - 5. 
This proves the theorem. 
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